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STABILITY OF THIN- WALLED TUBES UNDER TORSION 
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SUMMARY 

In this paper a theoretical solution is developed for the 
torsion on a round thin-walled tube for which the walls 
become unstable. The results of this theory are given by 
a few simple formulas and curves which cover all cases. 
The differential equations of equilibrium are derived in a 
simpler form than previously found, it being shown that 
many items can be neglected. The solution obtained is 
"exact" for the two extreme cases when the diameter- 
length ratio is zero and infinite, and is a good approxi- 
mation for intermediate cases. The theory is compared 
with all available experiments, including about 50 tests 
made by the author. The experimental-failure torque is 
always smaller than the theoretical-buckling torque, aver- 
aging about 75 percent of it, with a minimum of 60 per- 
cent. As the form of the deflection checks closely with 
that predicted by theory and the experiments cover a great 
range of shapes and materials, this discrepancy can rea- 
sonably be ascribed largely to initial eccentricities in 
actual tubes. 

SYMBOLS 

I, t, r, d, length, thickness of wall, and mean radius and 

diameter of the tube, respectively. 
K, ix, Young's modulus, and Poisson's ratio (0.3 for 

engineering metals). 
S, critical shear stress (equals the critical torque times 

wdV 

v, number of circumferential waves in buckling de- 
formation. 

B, angle of waves with the axis, measured near the mid- 
dle of the tube. 

x, s, longitudinal and circumferential coordinates, 
measured axially from the normal section at the 
middle of the tube, and circumferent tally from some 
genetrix, figure 13. 

u, v, w, longitudinal, circumferential, and radial com- 
ponents of the displacement during buckling, taken 
as positive in the x, s, and outward directions, 
figure 13. 

€ zs , k x , k s , k xs , linear strains in the x and s directions 
and the shearing strain, and the changes in curva- 
ture in the ./: and s directions and the unit twist, all 
due to l lie buckling displacement . 



T x , T s , T xs , TJ, N x , N s , G x , G s , G xs , GJ, resultant 
normal and shear forces, and resultant bending and 
twisting moments, due to the budding displacement, 
all reckoned per unit length of section, as shown in 
figure 14. 

kij ^2, — Xm, numbers relating to the axial length of 

buckling waves. 
\i = a + b, \ 2 = a — b, \ z =—a J ric, X 4 = — a — ic, where 

a, b, c are real numbers. 
U m , V m , W m are real numbers used in the expressions 

(13) for u, v, and w. 
d 2 d 2 

V 2 = ^p + ^2> V 4 signifies application of v 2 twice, etc. 

I 2 1 IH I 

All equations given in the paper are dimensionally 
correct, so any consistent units of distance and force 
may be used. 

RESULTS 

According to the theory developed in this paper, the 
torsional shear stress at which buckling occurs in short 
and moderately long tubes is given by the full lines in 
figure 1, or is very nearly expressed by the formulas 
A = 4.6+ V7.8 + 1.67# 3/2 (clamped edges, J<7.8) 
A = 2.8 + V2.6 + 1.40# 3/2 (hinged edges, J< 5.5) 
It is assumed that all components of displacement are 
prevented at end cross sections of the tube, and that 
"clamped" edges are held perpendicular to these cross 
sections while "hinged" edges are free to change their 
angle with the cross sections. It is found to be imma- 
terial whether or not the ends of the tube are free to 
move as a whole. 

For very long slender tubes the number of circum- 
ferential waves, n, is small, and there is a slight devia- 
tion from the above laws, as the number of waves 
changes from one whole number to the next. In figure 
2 the straight lines de represent the above laws, while 
the irregular lines represent the more exact law. When 
J exceeds a certain value, n remains always 2 (at least 
for any tubes of practical proportions). For large 
values of J the critical stress for both end conditions 



4 



REPORT NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 



/ 0,000 



1,000 



51 




too 



/ 00,000 



PlQUBI I. Critical torsion stress for short and medium length tubes. 



/Or 




l'0 



CON 



^ / 



II 




— - Exact theory 
-e Equation ( I ) 
-f « (8) 
o 5 Author's tests, 
clamped edge 
steel tubes ; 
numbers ore 
the observed 
values of n . 



J = 



3 4 5 6 7 8 IQ 

i in 

1/-/J e d 3 



/OO 



Figure 2.— Critical torsion stress for long slender lubes. 
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is given very nearly by the straight line eef, whose 
equation is 

B = 0.77 V J (2) 

For practical purposes equation (1) may be used 
when J is less than 7.8 for clamped edges, or 5.5 for 
hinged edges, as indicated in (1), while (2) is used when 
J exceeds these values. 



If buckling takes place all around the tube, n must 
naturally be a whole number, and its value may be 
taken as the whole number nearest to the value found 
from figure 3. In many tests, especially when n is 
large, buckling takes place over only part of the tube. 
In such a case n is taken as the circumference divided 
by the average width of the waves, and it therefore 
need not be a whole number. 
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Figure 3.— The number of circumferential waves for short and medium length tubes. 
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Figure 4. -The angle of the waves with respect to the cylinder axis for short and medium length tubes 



The buckling deformation consists of a number of 
circumferential waves which spiral around the tube 
from one end to the other, as shown by the photo- 
graphs of actual specimens (fig. 6). The theoretical 
number of circumferential waves, n, is indicated in 
ligure 2 for long slender tubes. For short or moder- 
ately long tubes the theoretical value of n is given by 
the curves of ligure 3. 



The theoretical angle of the waves with the axial 
direction, near the middle of the tube, 0, is given in 
figure 4 for short and moderately long tubes. For long 
slender tubes it may be taken as 

e = ( ^r ( c l am P e( * e dges) (3) 
0 = (hinged edges) 
in degrees, where n is as given in figure 2. 
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To check the above theoretical results, the author 
has made more than 50 tests; in addition, the results 
of many other experiments have been published by 
the N.A.C.A. (reference 1) and others. All the avail- 
able test results have been plotted on figures 1, 2, 3, 
and 4. All the tests were made with clamped edges. 
Comparing the experimental results with the theoreti- 
cal curves for clamped edges, it will be seen that all 
tests give values for the failure stress somewhat lower 
than the values for critical stress predicted by theory. 
The experimental values average about 75 percent of 
the theoretical, with a minimum for metal tubes of 
about 60 percent of the theoretical. 

These relations hold over an enormous range of 
sizes, proportions, and materials. The form of the 
buckling deflection, as measured by the number and 
angle of the waves, checks closely with that predicted 
by theory. It is therefore reasonable to suppose that 
the discrepancy between the theoretical and experi- 
mental values of failure stress is due chiefly to unavoid- 
able defects in actual tubes. Some of the discrepancy 
is undoubtedly due to the fact that a true clamped 
edge is impossible to attain in practice. But it is 
probable that most of it can be ascribed to initial 
eccentricities; that is, departures from a true cylindri- 
cal form, always present in actual tubes. Among the 
tests made on long flat strips in shear (which is con 
sidered the limiting case of a tube under torsion when 
11=0), those made by Bollenrath (reference 2) record 
the stress at which wrinkling began, and these stresses 
average less than half the theoretical, as shown in 
figure 1. Similar results were obtained by Gough and 
Cox (reference 3), but these experimenters took meas- 
urements of the buckling deflections at various loads 
and with this data were able to calculate, by a method 
developed by Southwell (reference 4), the probable 
load at which the strips would have buckled if there 
had been no eccentricities. These calculated values 
check the theoretical values very well, as shown in fig- 
ure 1 . It seems likely that most of the discrepancies in 
the tests on tubes could be explained in the same 
manner if similar data were available. 

By multiplying the right-hand sides of equations (1) 
and (2) by the factor 0.75 or 0.60, we obtain, respec- 
tively, expressions for the average and minimum 
resistance to buckling to be expected from an actual 
tube. The following equations are obtained by multi- 
plying the right-hand sides of equations (1) by 0.60 
and taking ju = 0.3: 



S= e(JJ^A) + y 3.5 + -68^yJ (clamped edges) 

(4) 

S=^({)^1.8 + yi.2 + .57-^] (hinged edges) 

These formulas cover all present-day a pplications and 
are recommended for design purposes. Being based on 



the minimum results from all available tests on metal 
tubes, more than 120 tests, they should give values 
which are always on the safe side. They are repre- 
sented graphically by the broken lines in figure 1. 

The case of hinged edges has an application, for 
example, in the case of a circular monocoque fuselage, 
without longitudinal stiffeners and with circumferential 
stiffeners or rings of an open cross section, with small 
stiffness against twist. The portions of the covering 
between rings are very nearly in the condition of tubes 
with hinged edges, as the rings, while stiff against linear 
movements, give little resistance to rotation of the 
edges. In such a case there is little interference 
between adjacent sections of the covering in buckling, 
as where one section buckles outward the next section 
can buckle in. 

HISTORY OF PROBLEM 

In 1883 Greenhill obtained a solution for the sta- 
bility under torsion of a long solid shaft (reference 10). 
This solution applies also to hollow shafts or tubes, 
representing a solution for the case n=l. It will be 
shown later that this solution can be obtained in a 
much simpler way, and that it actually has little prac- 
tical importance. 

The first paper on thin walled tubes under torsion 
seems to have been written by Schwerin (reference 5) 
in 1924. He develops the following formula for the 
critical stress of tubes in torsion 

S=O.248£0) ! (l + O.45£) 

The values found in experiments are mostly much 
higher than those given by this formula. For the 
shorter tubes the test results are 30, or more, times the 
formula value; for longer tubes the discrepancy de- 
creases. The value in the final parenthesis in the 
above formula is practically unity, as with available 
materials t/r must be very small if failure by buckling 
occurs before failure of the material. If this value i- 
taken as unity, Schwerin's equation checks equation 
(2), except for a difference of about 16 percent in the 
coefficient, as shown in figure 2. Schwerin obtained 
his result from a solution of differential equations of 
equilibrium, by neglecting all end constraints and 
assuming that n = 2. Equation (2) is also for the case 
n = 2, and as il holds for both clamped and hinged 
edges, it is evident that end conditions are unimportant 
in the range to which it applies. From this check and 
from the check with experiments, it is evident that 
Schwerin's equation is an at least approximately cor- 
rect solution for very long slender tubes, that is, for 
the range, say, when J>6. 

The above equation is the only part of Schwerin 's 
paper which is commonly quoted. However Schwerin 
also discussed in this paper the cases where n has 
other values than 2. He checked GreenhilFs result 
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for the case n=l, and showed how individual results 
could be obtained with other values of n, and with a 
consideration of end conditions. He calculated the 
relation between the buckling stress and rjl for several 
values of n and for several values of t/r, with the end 
conditions z— ±1/2: w = 0. These calculations give 
good checks with the theory and experiments found 
by the author for more specific end conditions. How- 
ever Schwerin failed to develop any way of simplifying 
his results, except for the case discussed above, and he 
did not carry them far enough to be of practical value 
bo users of short or moderately long thin-walled tubes. 

In the same year (1924) a solution was published 
by Southwell and Skan (reference 6) for the critical 
shearing stress on a flat strip of infinite length. This 
case may be considered to be the limiting case for a 
tube under torsion, when the ratio of length to diam- 
eter becomes zero. As the theory of the present paper 
is "exact" for this extreme case, it concides with the 
Southwell and Skan theory when l/d is set equal to 
zero. The existence of this solution for a limiting 
case was naturally of great help to the author in 
developing a general theory of torsional stability, and 
many valuable suggestions were taken from the in- 
genious methods of solution used by these writers. 

In 1931 a paper on the buckling of tubes under tor- 
sion was published by Sezawa and Kubo (reference 7). 
In this a general theory is developed and worked out 
for a number of cases, and nine very complete tests on 
rubber models are reported. The results of this theory 
are not in agreement with experimental results. The 
experiments on rubber models cited in the paper hap- 
pen to be in a range where the discrepancy is not so 
great, the ratio between the critical stress found by 
experiment and that predicted by the theory being 
from 0.5 to 3. However, for most of the available 
experiments on metal cylinders, this ratio is much 
higher — as much as 50 or more in many cases. The 
differentia] equations of equilibrium on which the so- 
lution is based seem to be incorrect, the very important 
term T 2 /a (using the paper's symbols) having appar- 
ently been omitted from the third equation. 

The results of the experiments described by Sezawa 
and Kubo are reasonably consistent with the results 
of other experiments and the theory of the present 
report (see fig. 1), and certainly as consistent as could 
be expected when it is considered that a material was 
used which many experimenters consider unsuitable 
for quantitative work. The check is excellent in re- 
spect to n and 0, which do not depend on E (figs. 3 
and 4). In reference 7 very complete data are given 
on the shape taken by the specimens at all stages of 
the loading, from the unloaded condition to the 
critical load. This data affords a very interesting 
picture of the way in which the deflection, starting 
from the initial unevenesses, changes to the final 
buckling form. A method of studying this question 



theoretically has been suggested by the present author 
(reference 8), and applied to the case of simple struts. 
This question is doubtless more of academic than of 
practical interest. 

In 1932, the National Advisory Committee for 
Aeronautics published the results of an extensive series 
of tests by Lundquist (reference 1) on the strength in 
torsion of thin-walled duralumin tubes. No theoreti- 
cal analysis was attempted. These tests, together 
with the tests made by the author, constitute the bulk 
of the experimental evidence cited in the present paper. 

In 1932, also, a theoretical paper was published by 
Sanden and Tolke (reference 11) on the stability of 
thin cylinders, the case of torsion being considered 
among others. These authors used very complete and 
therefore complex equations of equilibrium, but they 
carried their work on torsion no farther than Schwerin. 
It is very interesting to note that their equation 130b, 
for the case n = 2, is exactly the same as equation (2) 
of the present paper, which was obtained independ- 
ently with very much simplified equilibrium equations. 

The experimental results of Bollenrath (reference 2), 
published in 1929, and of Gough and Cox (reference 3), 
published in 1932, on narrow flat strips in shear, have 
already been discussed. 

THE TESTS AND DESCRIPTION OF SPECIAL TESTING 
APPARATUS 

The author's tests were performed at the Guggen- 
heim Aeronautical Laboratory of the California In- 
stitute of Technology. With one exception the speci- 
mens were of small size, from 5 /U inch to 6 inches diam- 
eter, and made of steel and brass "shim stock" from 
0.002 inch to 0.006 inch thick. Such sizes were se- 
lected because of the great ease and cheapness of con- 
struction and testing. The exception mentioned was 
very much larger (27 inch diameter); all the N.A.C.A. 
tests (reference 1) were on specimens 15 inches and 30 
inches in diameter. Comparison of the results indi- 
cates that there is no great disadvantage or danger in 
using such small specimens. In all tests the propor- 
tions were such that the stresses were always well be- 
low the elastic limit. 

The material was carefully rolled around rods of 
proper diameter to give it approximately the desired 
curvature, the longitudinal seams were soldered, and 
the tubes were then soldered to heavy end pieces 
Jigs were used to hold the material in a true cylindrical 
form and prevent local waving while these soldering 
operations were performed. The specimens having 
the smallest t/d ratios showed some initial waves, due 
chiefly to lack of flatness in the stock from which they 
were made; but in the specimens with larger t/d ratio 
no departure from true cylindrical form could be de- 
tected by the eye or fingers. 

The longitudinal seams were lapped about }U inch 
and were formed with as little solder as possible. 
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There is no theoretic;! I reason w hy such a seam should 
have an appreciable effect in (his type of loading. 
Buckling deflections seemed to occur across seams as 
freely as anywhere, so the stiffening effect of the double 
thickness at the seam was probably negligible in all 
cases except possibly for the few tubes which were only 
%e inch in diameter. For these tubes an attempt was 
made to correct as much as possible for this stiffening 
effect by taking the thickness as the total cross-section- 
al area of the tube wall divided by the circumference. 

The end conditions of the tubes were as shown in 
figure 5. The medium length tubes (6 to 30 inches 
long) were soldered to heavy end plates as show n at 
(a). Heat was applied only to the end plates and care 




(a) (b) 



End plate of 
testing machine 




(c) (dj 
Fh.i kk 5. Edge conditions <>f test specimens. 

was taken to heal them symmetrically to avoid produc- 
ing initial strains in the tube. The loose ring shown in 
the figure fitted the tube just closely enough to keep 
the tube cylindrical during the soldering. As there 
was always a certain amount of clearance between the 
ring and tlx 4 tube \\ nil and buckling deflections were 
not appreciable at a distance from the end many times 
the width of the ring (see fig. 6), the effect of the ring 
on the (Mid conditions was neglected and the distance 
between the end plates was taken as the length of the 
tubes. 

Several extremely short specimens were made, to 
test the theory at small values of 77. As both theory 
and common sense indicate the greater importance of 



end conditions for such a case, great care was taken to 
obtain definite end conditions. One side of a strip of 
materia] % inch wider than (he desired tube length was 
tinned on one side with a very thin coating of solder. 
The mechanical properties of similar sheet material 
were measured after tinning and found to be the same 
as before tinning, as nearly as could be determined. 
Two disks were turned the size of the desired tube, 
their edges were thinly tinned, the tinned strip was 
tightly clamped around them as shown in figure 5 (b), 
and the whole heated so as to sweat the tube to the 
disks. Examination after testing showed a perfect 
joint between the tube and the disks right up to the 
edges of the disks. 

The %6-inch-diameter tubes were merely sweated 
over the end of a steel rod as shown in figure 5 (c). 
The 27-inch tube had bolted joints, and its ends were 
embedded in concrete, held between steel hoops, as 
shown at (d). The hoops were clamped to the heavy 
end plates of the testing machine, and the length of 
the tube was measured as shown. 

The medium and very short specimens were tested 
on the special testing machine shown in figure 6. 

a > 

Spec/men 

d e \ c 



Figure 7.— Diagrammatic top view of torsion-ben<ling-eompression testing machine. 

This machine is capable of testing specimens in torsion, 
uniform or varying bending, and axial compression, 
separately or in any combination. The three types of 
load are applied by three conveniently located cranks, 
and the load application is extremely smooth. The 
loud is read directly in inch-pounds and pounds, on 
three dial gages. These dial gages measure the de- 
flections of cantilever springs which are designed in 
such a way as to eliminate practically all hysteresis 
and are artificially aged. Provision is made for adjust- 
ing the position of the dial gages lengthwise of the 
springs so that, in calibrating, a position can be found 
;i( which they read the loads directly. 

The principle of the machine is shown by tie 1 dia- 
grammatic top view (fig. 7). The specimen is attached 
to two L-shaped members abc and def which are 
balanced on practically frictionless universal joints al 
b and e. The ends of the specimen are therefore free 
to rotate in any direction. When axial loads are used 
they are applied through these universal joints and 
this insures a definite line of action of the load. The 
specimen is subjected to bending by applying down- 
ward forces at d and c; these forces are applied through 
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wires which extend down to a cross bar dc under the 
specimen. A crank is used to press down on a ful- 
crum mounted on the bar dc; the crank and fulcrum 
are movable along the length of dc, and in this way 
the ratio between the forces at d and c, and therefore 
the bending moments at the two ends of the specimen, 
can be varied at will. Torsion is applied to the speci- 
men by pulling down on f through a wire, by means of 
a crank; the point a is prevented from vertical (but 
not from horizontal) motion by vertical wires. Axial 
load is applied by moving point b to the left with a 



joint takes loads in two directions, allows rotation in 
any direction with almost no friction, and is extremely 
cheap and satisfactory. The whole testing machine 
is built of structural shapes, assembled largely by 
welding, with a minimum of machining. It cost very 
little to build and has proved very satisfactory and 
convenient to use. 

The 27-inch diameter specimen was tested on a 
special testing machine similar to the one just described 
but much larger (fig. 9). No provision for axial loading 
is made on this machine, and the loads are measured 





Figure 6.-Small torsion-bending-compression testing machine, and medium and short specimens after failure. 



crank; e is mounted on one of the cantilever springs 
and thus the axial load is measured. The arms be and 
ab are in themselves cantilever springs and their de- 
flection measures the bending and torsion moments 
respectively. The dial gages which measure the de- 
flections of the springs are mounted on unstressed arms. 

The universal joints at b and e are of the type shown 
in figure 8a, consisting only of a spherical cup, a central 
ball and six loose balls (the weight of the member abc 
or def is sufficient to keep the balls in position). This 



by the lateral deflection of tension members that are 
initially bent, which permits the measurement of very 
large forces with a light measuring device. This ma- 
chine takes specimens up to 3 feet in diameter and 15 
feet in length, and has a capacity of 500,000 inch- 
pounds in bending and in torsion. 

The Mo-inch diameter specimens, used to test the 
theory for long slender tubes, were loaded as shown in 
figure 10. T-shaped pieces were attached to the ends 
of the specimen. These were balanced on a knife-edge 
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at one end and on a loose vertical strip at the other, so 
that the ends of the specimen were free to rotate in 
any direction or to approach each other (as was also the 
case with the testing machines previously described). 
The long arm of the T at one end was held down with 
a string, while weights were applied to the other until 
buckling occurred, as shown in the figure. 

The wall thickness of the specimens being so small, 
it was necessary to measure it with much more than 
common accuracy. The instrument shown in figure 1 1 



Central boll 

Loose bolls 



which surrounds the anvil. Such provisions are neces- 
sary to measure the thickness of thin material accu- 
rately. The sheet must also be very clean, as particles 
of dust or films of dirt causes appreciable errors; it was 
found advisable to wet the sheet with alcohol during 
the measuring. In spite of such precautions, the 
errors in the measurement of t and in the variation in 
the thickness at different parts of the sheet undoubt- 
edly cause a large part of the scatter in the final results. 
The variation in thickness over a tube was usually 





Spheric of 
cup 

( a ) (b) 
Figure 8.— Ball universal joints used in the testing machines (b, type used on large machine for vertical loads only, 1 in. balls, capacity 5,000 lb.) 




Figure 9.— Corner of aeronautical-structures laboratory at California Institute of Technology, showing 500,000 in. -lb. torsion-bending testing machine. 



was therefore constructed; it is 10 times as sensitive 
as an ordinary micrometer and proved to be much 
more accurate and convenient. It consists of a verti- 
cally mounted dial gage reading in 0.01 mm (.00039 in.) 
and having an extra strong spring and a very rmooth 
contact point, so that a sheet can be moved under it 
smoothly. Directly Tinder the contact point of the 
gage an adjustable rounded anvil projects slightly 
above the flat bedplate of the machine. The sheet is 
pressed down on this anvil by a spring-actuated ring 



about 5 percent. As torsion failure occurs over most 
of the tube at once, the average thickness was recorded. 

The modulus of elasticity of the material of the tubes 
was measured by the special testing machines shown 
in figure 12. The one shown at (a) is a tensile machine 
with a capacity of 130 pounds. The force is measured 
by the calibrated spring at the top, the dial reading 
directly in tenths of a pound. The specimens used 
are plain straight strips 1 inch wide. They are clamped 
in ordinary straight jaws lined with emery cloth; such 
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thin materials are easily held by friction alone. As 
the machine is frequently used to determine elastic 
limits, provision is made to insure perfectly central 
loading. The extensometer shown involves a detach- 
able Huggenberger instrument mounted on a special 
frame, with provisions for clamping to thin sheel and 



It was feared that the physical properties of such 
thin, highly cold-worked material might vary along 
the thickness. In order to test this, the machine shown 
in figure 12 (b) was designed to test strips of the ma- 
terial in bending. The strips are first coiled somewhat 
like a watch spring and tested in this form; this feature 





Figure 10.— Method of testing very long tubes and close-up of failure. 




Figure 11.— Thickness tester. 



for preventing all motions but the desired one; it is | is necessary to insure straight cross sections. The ma- 
balanced to prevent bending the specimen, and its chine exerts a pure couple on the coil, bending it uni- 
weight is allowed for by the proper initial setting of the formly through its length, and measures the total 
load dial. It reads directly in 1/100,000 unit strain angle of bending. Very consistent results can be 
and can be read consistently to one tenth of this value obtained. As the width of the strip is several hundred 
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times the thickness, this machine of course measures 
El {I— ix 2 ), while the tension machine measures E. 
Assuming /z = 0.3 the values of E obtained from the 
two machines are found to check within 1 or 2 percent, 
and are very consistent for each type of material. 

Data for all the tests are given in table I. In all 
cases the torque given is the maximum torque that 
the tube will take. In most cases, this ultimate torque 
was very sharply defined and occurred when the buck- 



l the circumference divided by the average width of the 
circumferential waves. The value of 6 was estimated 
roughly by eye, with the aid of a transparent protrac- 
tor, from the appearance of the top or outermost part 
of the wave. The angle of the top and bottom of the 
wave must be the same when buckling starts but, as 
buckling increases, the angle at the bottom of the 
wave becomes greatly distorted, while the angle at the 
top seems to remain nearly constant. 




Figure 12. —Tensile and bending 



sting apparatus 



ling deflection was comparatively small. In the case 
of the few extremely short tubes, however, the torque 
increased gradually for a long time after buckling 
started, the maximum value being reached when the 
buckling deflections were very deep. This seems to 
indicate that for such extremely short tubes, while the 
present theory presumably gives a correct value for 
the torque at which buckling would start if there were 
no eccentricities, the ultimate torque which the tube 
will take is probably to some extent a function of the 
elastic limit or yield point of the material. In the 
specimens tested, the strengthening effect of large de- 
flections evidently counterbalanced to a great extent 
the weakening effect of initial eccentricities. 

In many tests, buckling occurred only part way 
around the tube, and in these cases n was taken as 



In plotting the experimental results, ix is assumed 
to be 0.3 for metal tubes, 0.36 for celluloid, and 0.5 for 
rubber models. 

DERIVATION OF THE EQUATIONS OF EQUILIBRIUM 
OF A CYLINDER WALL 

The equations of equilibrium of elements of the 
cylindrical wall of the tube have been obtained in a 
new and simplified form; consequently it will be neces- 
sary to give a derivation. Figure 13 shows the coordi- 
nates and the components of displacement of the middle 
surface of the wall during buckling. A circumferen- 
tial coordinate s is used in preference to an angular one, 
because it results in simpler expressions and makes the 
connection between a curved plate and the limiting 
case of a flat plate more readily seen. It will be shown 
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that, to the order of approximation which we need, it 
makes no difference whether the component of dis- 
placement v is considered to be measured circumfer- 
entially or tangentially. 

The equations of equilibrium for a flat plate are 
well known, but the corresponding equations for the 
case of a curved plate are by no means so clearly 
established. In the case of a flat plate, in some prob- 
lems only extensional strains or stresses — tension, 
compression, or shear in the plane of the plate — need 
be considered, while in other problems only flexure- 
bending or twisting — is of any importance. Extension 
and flexure may be considered separately, even in the 
case of a complex problem involving both; an excep- 
tion to this is the case where large deflections occur 
to a non-developable surface. In the case of a curved 
plate, extension and flexure are, in general, intercon- 
nected even when the lateral deflections are of infi- 
nitesimal order. If no simplifications were made the 
conditions of equilibrium would be too complex to be 



P (displaced position) 




Figure 13.— Coordinates and components of displacement. 

of much practical use. Much confusion seems to exist 
as to what simplifications can be made, and the con- 
ditions under which they can be made. One author 
considers items which another rejects as negligible, 
and vice versa. An attempt is made, in the following 
discussion, to clarify this question and to obtain the 
greatest simplification possible, under the conditions 
of the present problem ; the results are applicable to a 
large class of problems. 

The usual assumptions are made, that the material 
is perfectly elastic, that the tube is exactly cylindrical, 
that the wall thickness is small compared to the radius, 
and that the deflections are small compared to the 
thickness. The usual assumption is also made that 
straight lines in the cylinder wall, perpendicular to the 
middle surface, remain straight and perpendicular to 
the middle surface; that is, we neglect the distortion 
due to transverse shear. We could easily justify this 
assumption by taking the magnitude of the transverse 
shear, obtained on this assumption, as a first approxi- 



mation and calculating a correction. The correction 
will be found to be negligible. 

If lines perpendicular to the middle surface remain 
so during distortion then the displacement of all 
points in the cylinder wall can be found from the 
displacements of the middle surface u, v y and w. The 
equations of equilibrium can then be derived in terms 
of u, v, and w by considering: first, the purely geo- 
metrical relationship between these displacements and 
the strains in all parts of the wall; next, the relation- 
ship between the strains and the stresses, given by 
Hooke's and Poisson's relations; and last, the rela- 
tionship between all the stresses on an element of the 
wall, given by the laws of equilibrium. There is no 
essential difficulty in doing this. However, as the 
contention to be made is that most writers consider 
more items than necessary, it will be sufficient to take 
their results and show what can be neglected. 

Let us consider first the items that all authorities 
agree cannot be neglected. The extensional and flex- 
ural strains in the middle surface are 



du _dv w du dr 



d 2 w 



d 2 w 



i> 2 w 



(5) 



bx 2 



ds 2>Kxs ~'dxds 



These expressions are the same as the well-known 
expressions for the case of a flat plate, with the addi- 
tion of w/r to the expression for e,. This term is due 
to the change in circumferential dimensions with 
change in the radius, which produces the strain: 

r + w - 40 
r r 

The resultant forces and moments per unit length 
of wall section, obtained by summing up the stresses 
over the thickness, are taken as shown in figure 14. 
The relation between these and the strains of the 
middle surface will be taken the same as in the case 
of a flat plate: 



Et 



Et 



(««+M€x), 



Et 



2(1 + m) 



Ef 



12(1-V) 



(k x + hk s ) 9 (6) 



G s = 



12(1 -m 2 ) 



fe + MK*), G XS = G X 



Ef 



"12(1 + /*) 



We will now set up the conditions for equilibrium of 
an element such as shown in figure 14. Before doing 
this we must remember that we have taken u, v, and w 
as the displacements occurring during buckling, and 
hence the above quantities T x , G x , etc., represent only 
the changes in the internal forces during buckling. The 
total internal forces at any instant are the internal 
forces present before budding, plus these changes. 
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In the particular problem that we are considering, the 
lube is subjected to torsion and, if the tube is per- 
fectly cylindrical and uniform, the stress distribution 
and the distortion will be, before buckling begins, the 
same as assumed in elementary mechanics. There will 
be a shearing stress S on normal and longitudinal 
sections, which can be taken as uniform throughout 
the entire tube, since t/r is small. There will be a 
simple distortion in the circumferential direction, 
which leaves the tube still cylindrical and is of no 
interest to us. To obtain the total internal forces we 
must add to those shown in figure 14, the forces per 
unit length St, which will be considered to be in the 
opposite sense to T xs and T xt \ 

In setting up the conditions of equilibrium of the 
element we must take into consideration the changes 
in the angles of its faces due to its distortion, as this 
will obviously affect the components of the forces in 
the different equilibrium equations. However, if the 
displacements are small this effect will be small, and 
its effect on T x , G X) etc., is of a second order of small- 
ness compared to other items. But its effect on St 




Figure 14.— Forces and moments on element of wall. 

may be of the same order of magnitude as these other 
items, because St is an order of magnitude larger than 
T x , O x , etc.; the latter forces are proportional to the 
buckling displacements and when these displacements 
are small, T XJ G X) etc., must be small compared to St, 
which had a finite value when the buckling started. 

The terms which we will consider in the equations 
of equilibrium give, after simplification 



sfV= 


dT x dT xs 
dx ds 


= 0 


2F,= 


bT s + bT xs 
ds dx 


= 0 


2F T = 


bN? bN. 
dx ds 


+ Ts + 2St 

r 


2M r = 


bQ, bO„ 
ds dx 


-N,=o 


2M,= 


bO x bO z , 
dx ds 


'-N x = 0 



dxds 



= 0 



(7) 



There is no use in writing the equation of moments 
about the radial direction, as it would merely state 
what we have already assumed — that T XS =T XS '. 



The term T s /r in the third equation comes from the 
resultant of the force T s dx and the similar force on 
the opposite face of the element, due to the angle 
ds/r between them; this is the only term we will con- 
i sider due to this angle, that is, due to the curvature 
of the element; all the other terms in (7) are the 

same as for a flat plate. The term 2St J^- is the 

dxds 

only term considered due to the distortion of the ele- 
ment; this is the resultant of forces Stdx or Stds on all 
four sides of the element, due to the angle of twist 

d 2 U) d 2 U) 

between opposite sides, dx or ds. The rest 

of the terms in (7) are due to changes in T XJ G x , etc., 
over the distances dx or ds, and to obvious moments 
due to N x and N 8 , the same as for a fiat plate. 

Using the last two equations to eliminate N x and 
N s from the third, replacing T X) G X) etc., by their 
values in (6), and then € s , k x , etc., by their values in 
(5), we obtain three equations involving: derivatives 
of Uj v, and w with respect to x and s, the unknown S, 
and the physical constants of the tube 

d 2 u 1 - n d 2 u 1 + ju d 2 v M-dw_ n 
dx 2 y 2 ds 2 H " 2 dxds J r dx ~ U 



d% 1 -fi d 2 v 1 + m d 2 u 1 dw_ 
» + JS dx 2 '* 2 dxds + rds~' n 
t 2 
12 



(8) 



r \ds * ox r / E dxds 



d 2 d 2 

where v 2 ^^p + dp' and v 4 signifies that this opera- 
tor is to be applied twice. 

Equations (8) can be simplified as follows: Apply- 

b 2 d 2 
ing first ^ an d tnen ^2 to the first equation, solving 

in each case for the term involving v, and substituting 
these expressions in the equation obtained by applying 

to the second equation, we obtain an equation 

from which v has been eliminated. Similarly, apply- 

d 2 d 2 J 
ing ^ 2 and ^ to tne second equation, solving for the 

term involving u, and substituting in the first equa- 
52 

tion, after applying to it, we obtain an equation 

from which u has been eliminated. These equations 
are, niter simplification: 



d 3 w : d 3 w 



M dx 3 
rV 4 0= - (2 + /x) 



+ 



dxds 2 
dx 2 ds ds z 



(9) 



Now, applying ^ to* the first of these equations and 

^ to the second, and substituting in the equation 
obtained by applying v 4 to the third equation of (8), 
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we obtain an equation from which both u and v have 
been eliminated: 

Equation (10) is the same as the corresponding 
equation for a flat plate, with the exception of the 
second term; this is evident if we set r infinite in (10). 
The contention being made is that this term repre- 
sents the principal effect of the curvature in a large 
class of problems of which the present problem is one. 
For most problems, equation (10) represents the com- 
plete equilibrium condition. However, if it is desired 
to include constraints against u and v displacements in 
the boundary conditions (as will be done here), rela- 
tions (9) must be used for this purpose; this, of course, 
constitutes another effect of the curvature, but it will 
be a very small effect in mosi cases. 

In using those simplified results tor other problems, 
it is only necessary to remember that the last term 
of equation (10) represents the radial force on the 
cylinder wall due to the loading, per unit area of the 
wall, to which the operator v 4 is applied. Thus for 
the problem of the buckling of a cylinder wall under 
axial compressive stresses, S c (due to an axial load or 
due to bending), equations (9) and (10) will be as 
above except that the last term of (10) will be tfv 4 

(jS c ^y^f)' For a tube under a varying external pressure 

2>, this last term will be y 4 p (but if p is constant with 
respect to s, or varies very gradually, then the above 
equations may be no longer applicable, as will be ex- 
plained later). For studying lateral vibrations of the 
cylinder wall, the last term of (10) will be rav 4 w, where m 
is the mass per unit area and w is the second derivative 
of w with respect to time. 

It is necessary now to justify the neglect, in deriving 
(9) and (10), of many items which are commonly con- 
sidered. In the relations between strains and dis- 
placements (5), we neglected, in the expression for 

k s , a term ~ 2 w, due to change of curvature with change 

of radius. If v is measured tangentially the expres- 
sion for k s should logically include also the term 

^ g^; if v is measured circumferentially this is unneces- 
sary, but k xs should have an additional term 

r ox 

As for expressions (6) for the internal forces and 
moments in terms of the strains of the middle surface, 
we have obviously neglected the effect of the varia- 
tion in the length of circumferential fibers along the 
thickness. Love (reference 9) gives a second approxi- 
mation for the internal forces, in which the expressions 
for G X) G s , G xs , and G xs ' are the same as in (6), but the 



expressions for T x , T s , T xsy and T xs ' contain a number 
of additional terms involving the flexural strains 
k x , k s , and k xs . In these expressions T xs and T xs ' 
are no longer equal, but have values satisfying a more 
exact statement of the equation of equilibrium of 
moments on an element, about the radial direction. 

In setting up the equilibrium conditions (7), many 
terms were neglected. It has been noted that the 
term T s /r in the third equation comes from the re- 
sultant of the T $ forces on opposite faces of the ele- 
ment, due to the angle ds/r between these faces. By 
the same reasoning, there should logically be a term 
N s /r in the second equation, and a term G xs '/r in the 
equation of equilibrium of moments about the radial 
direction, as noted in the last paragraph. The term 

^^bxds m ^ e t'hird equation represents the radial 

components of St forces on opposite faces of the ele- 

ment, due to the angle dx or ds between 

them. There are other small angles between the St 
forces on the opposite faces, produced by distortion of 
the element, and these give resultants in the x and .9 
directions; these are considered by Schwerin (reference 
5) in his solution of the torsion problem. 

The justification for neglecting all these items lies in 
the following: If any, or all, of them are included, we 
obtain finally an equation corresponding to (10), which 
includes all the terms in (10) and numerous additional 
terms. Now suppose we take w as a harmonic func- 
tion of s y such as the expression (13), given later, for 
which n represents the number of circumferential 
waves of the displacement, and substitute it in this 
equation. If we compare the two types of terms which 
we obtain — those which we would get with (10) and the 
additional terms — we find that each of the additional 
terms is equal to a term we get with (10) multiplied 
by (t/r) 2 or 1/n 2 , and with some numerical factor of 
the order of unity. Those involving (t/r) 2 can be im- 
mediately thrown out, for any " thin- walled " cylinder. 
Those involving 1/n 2 can evidently be neglected when 
n is large. This means that (10) is applicable in all 
thin-wall problems in which the deformation consists 
of a large number of waves in the circumferential 
direction, or in w hich it changes rapidly in this direc- 
tion. 

It is an interesting fact that a simple test exists for 
differentiating between items which can be neglected 
on the above basis and those which cannot be, in the 
expressions for e T , k x , etc., for T x , G x , etc., or in the 
equilibrium equations. If we make the substitution 
u=^/t/ru', v=-y/t/rv', x= «Jtr x', s=^/tr s' and divide 
all the items by the proper factor, we find that items 
which can be neglected are left with a factor t/r, while 
the other items are free from such a factor. For 
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example, suppose we wish to compare the items in the 
expression 

_b 2 w , 1 1 dfl 

Making the above substitution, we find 

_ 1 /d 2 w . t .1<W\ 
Ks ~tr W 2 r w+ r Ds'J 

The meaning of this is probably that, for the class of 
problems to which (10) applies, u and v are of the 

order of magnitude of -y^ w. 

One more question requiring discussion is that of 
how large n must be in order for (10) to give a reason- 
ably accurate result. In the present problem the 
results obtained from (10) give an excellent check with 
experiments when n is only 2. (See fig. 2.) More- 
over, the results seem to check reasonably with those 
of Schwerin, who used a number of the items neglected 
in (10), indicating that these items were of minor 
importance even when n = 2. On the other hand, 
the results obtained from (10) give an entirely dis- 
torted result when n = 1 . There seems to be a rather 
critical change between n=\ and n = 2, for our par- 
ticular problem at least. 

It is no inconvenience to us that (10) is inapplicable 
when n= 1, because for this case the cross section of 
the tube is entirely undistorted, merely undergoing a 
general displacement. The elementary theory of 
bending of a tube evidently applies in such a case, and 
there would hardly be any advantage in having a 
complex solution for a case to which elementary theory 
applies. However, borderline problems doubtless exist 
for which neither (10) nor an elementary treatment 
would be accurate. It cannot be concluded, however, 
that the equations of equilibrium commonly used, 
which take into consideration some of the items neg- 
lected in (10) but not all of them, will necessarily be 
more accurate in such a case than (10). Unless the 
equations of equilibrium take all such items into con- 
sideration they may quite possibly be less accurate 
than (10), rather than more accurate. 

THE BOUNDARY CONDITIONS 

There are only two boundary lines to a tube (the 
two ends), instead of the four which we have in rec- 
tangular plate problems. The boundary conditions 
which we would have for the lateral sides of a plate or for 
the edges of the split in the case of a split tube are 
replaced in the case of a complete tube by the condi- 
tion that the displacements must be cyclical functions 
of s y with the cycle length ird. 

We will consider two edge conditions at the ends. 
For the case of clamped edges we will assume all com- 
ponents of displacement, and the slope of the surface 
in the axial direction, to be zero. There must, of 



course, be a uniform circumferential displacement for 
at least one end while the torsion is being applied and 
before buckling takes place. However, we are con- 
sidering only what takes place during buckling. We 
will find that our equations can be satisfied with S a 
constant, which means thai S, and therefore the torque 
on the tube, remains constant during the buckling. 
There is therefore no reason for any relative circum- 
ferential displacement of the ends while buckling takes 
place, and the conditions for fixed edges are 

X= u = v = w= dx^ {) (11) 

Similarly, the condition for hinged edges at the ends 
is that the components of displacement and the mo- 
ment G x are zero: 

x=± - : u = ^ = _ + /x -_ = 0 (12) 

Both of the above end conditions evidently require, 
not only that the edges of the tube shall be clamped 
or hinged, say to some rigid end piece, but that the ends 
as a whole shall have no linear or angular motion rela I i \ r e 
to each other. However, if we take the final results 
obtained, and calculate the resultant of all the forces 

on the end of the tube due to buckling, ^that is, the 
resultant of N x , G x> and G t9 , when x = ^ or 

x = we find this resultant to be zero. This means 

that no constraints are required to prevent motion of 
the ends of the tube as a whole; that is, it makes no 
difference whether or not they are free to move as a 
whole (this does not apply to the case n = 1, whic h is 
discussed later) . 

THE SOLUTION 

The equations of equilibrium and the boundary con- 
ditions are satisfied if u = v = w = 0 — an obvious solu- 
tion of no interest to us. Buckling displacements are 
other types of displacement which satisfy these condi- 
tions. There are many such displacements and each 
one requires a certain definite value of S. Our prob- 
lem is to find the lowest of such values of S for end) 
given tube; buckling will certainly take place as soon 
as S exceeds this value. In the present problem the 
equilibrium and boundary conditions can be satisfied 
if S is a constant with respect to the displacements, 
and the displacements are the following functions of 
x and s: 

W =2t/ mSill a(»J+fc.f) 
v = I V m sin 2 (n J + X„, y) (13) 
w= ^W m cos 2 (n ^ + j) 
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where U m , V m W m , and n are real numbers, n being 
an integer, and X,„ may be complex. Substituting 
these values in (9) and (10), we obtain 



Wrn Kn 

n k 



V m = - 



n 



(14) 



l + (2 + 



/ s [l ! (x) 2 ] 2 I "3 1 + (^J X^ 4 -6/lPX w -0 (15) 

The Bununation signs have been dropped, [f these 
equations are satisfied without the summation signs, 
they will certainly be satisfied with them. 

If we now substitute (13) and (14) in the eight 
boundary conditions (11) or (12), and eliminate s 
from these equations in a similar manner to that used 
later, we obtain eight lineai- equations in Wi, W 2) H 
etc. As there are no terms not containing W m , it will 
take eight values of W mi which means eight terms in 
j he su in mat ions of (13), ag well as a det enninant al rela- 
tion, to satisfy them. This determinantal (M|ii;ition 

involves the eight values of \ m . As (15) is of eighth 
degree in X m , for a given set of values of k, II, and A, 
\ m may have in general eight different values. It can 
easily be shown that under these conditions the determi- 
nantal equation and (15) together determine a relation 
between k, H, and A. The problem is to determine 
this relationship; it is not impossible to do it, but the 
algebraic complexities of the problem render it im- 
practicable. 

We will therefore make certain minor approximations 
that will make the problem more tractable. The re- 
sults of experiments give the clue for doing this. It 

is evident from (13) that is the tangent of the 

angle of deflection waxes with the axial direction. 
From the theory of Southwell and Skan (reference 6) 
and from experiments, we know that the angle 0 starts 
at about" 45° for infinitely short cylinders and rapidly 
decreases as the length increases, being about 15° when 
t he length equals the diameter, and evidently approach- 
ing zero al very large Length diameter ratios (of course, 
we will show that 6 is a function of //, rather than of 
/ df but the foregoing statement is justified by the fact 
that d/t has a practical lower limit determined by the 
elastic limit of available materials). 

This indicates that, for all except very short tubes, 
\„Jk is small compared to L. Of course, the actual 
deformation is a superposition of eight deformations, 



each with a different value of \ m jk\ some of the values 
of \ m fk may not be small, but experiments as well as 
the following theory show that the important values of 
\ M /k are certainly small, except when l/d is small. 
We are also quite safe in assuming that \ m /k approaches 
zero for large values of l/d, as this assumption certainly 
gives a good first approximation, and this first approxi- 
mation vertifies the assumption. 

These facts are the basis for the approximations 
which we will use. Starting with (14), if we neglect 

Wrn^rn 

n k 

(10) 



n 



The error introduced by this approximation is zero at 
both extremes, when l/d is infinite, and also when 
l/d = 0 — because both U m and V m are then zero any- 
way, since n becomes infinite. The error is small for 
any intermediate case because when \ m /k is not small 
compared to 1, n is large and U m and V m are of little 
importance. For example, when £/(#=l, taking 
X m /A: = tan 15°, the error in V m is about 3 percent, and 
in U m (which is much less important than V m , as it 
contains the factor \ m k) about 14 percent. Moreover, 
investigation of the final results shows that U m is never 
of any particular importance, and even V m is not 
important here, only becoming of importance when I 
is large compared to d. 

Substituting (13) and (16) in (11) or (12), and 
dividing through by common factors, we find, for 

x=± r 

P=0: 2JF m sin (w^±X m ) = 0 
m = (): ^U',„X,„ sin (/* * ± X„,) = 0 i , 

!-i> : ^.^(nfiX.)-. vgg* 

G x = (): - U A „/ 2 cos (n ~ ± \ W J = 0 (hinged edges) 

We will neglect the third condition for hinged edges, 
that >/ = (). This is by far the least important of the 
four conditions, owing to the relative insignificance of 
U my as mentioned before. Neglecting this condition, 
and using the trigonometric formulas for the sines and 
cosines of the sum of two numbers, we obtain 



ir 



Oir 



( hot h edge 
conditions) 
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sin // - (JSW m cos X,,,) 
± cos n - (2W m sin X w ) = 0 



sin n-(2W m sin X m ) 



cos n- (2W m cos X m ) =0 



sin n- (XW m \ m cos X,„) 
±cos n- (EW m \ m sin X m ) - 



sin n- (XW m \„ 2 sin X m ) 
s 

± cosn- (2W m \ m 2 cos X m ) - 



(both edge conditions) 



(clamped edges) 



(hinged edges) 



All these conditions will be satisfied if 



ST^sin X m =0 
2W n cos X w =0 
2W m \ m cos X w = 0 
2W m \ m sin X m = 0 



(clamped edges) 



XW n sin X m = 0 
ZW m cos X m = 0 



\ m = 0\ ( nin g ed edges) 
2lF m X 2 sin X m =0 



-ii «x» 2 cos 



(18) 



for this case. For intermediate cases, a fair first 
approximation for the value of A, and therefore of 8; 
could be expected even if we neglected \ m /k altogether 
in the above quantity, taking //' II, because when 
the error in neglecting \ m /k is large, // is small and the 

whole second term in (15) is of small importance in 
determining A; when this term is important \ m /k is 
small compared to one, and the error is small. 

A second approximation for the rein t ion between S 
and // is obtained by taking 



These four equations for each end condition can be 
satisfied by four values of lF m , that is four terms to 
the summations of (13), and a determinantal relation- 
ship involving the X m s. The conditions (18) are the 
same as the boundary conditions found by Southwell 
and Skan (reference 6) for the case l/d = 0. These 
writers show that the determinantal relationships 
between the X m s, implied by (18), can be put in the 
following forms: 



(Xi- A2MX3-A4) sin (Ax - A 3 ) 1 
sin (X 2 - X 4 ) = (X 1 — A 3 )(A 2 — A 4 ) (clamped edges) 
sin (Ai— X 2 ) sin (A 3 -A 4 )] 

(A, 2 -A 2 2 )(A 3 2 -A 4 2 ) sin (X, 



A 3 ) sin (A 2 -A 4 ) = (A! 2 
A 3 2 )(A 2 2 -A 4 2 ) sin (X, 
A 2 ) sin (X 3 — X 4 ) 



» (hinged edges) 



(19) 



We will next use the fact that \ m /k is small compared 
to 1 (except for small values of l/d) to reduce the equi- 
librium equation (15) to one of the fourth degree in 
X m . This can be done in several ways. T ie most 

accurate is to merely consider jff/Tl + ^^ =i?' as 

a quantity independent of \ m) until we obtain a so- 
lution. This gives 

(jfe 4 + sir 2 ) \J I 2fc 6 X m ? - %Ak*\ m + it 8 = 0 (20) 

The error introduced is zero for the extreme cases, when 
l/d= 00 (since X„ t /& = 0), and when l/d=0, since £T=0 



(21) 



where \ m 2 is taken as a weighted average of the four 
values found in the first approximation. In figure 1 
the relation between A and Z/, for clamped edges, 
obtained fronb the first approximation, is shown by the 
dotted line, while the second approximation is shown 
in full line. The difference between the values of A 
or S found from the first and from the second approx- 
imation is never more than about 20 percent (and is 
much less than this in the range of greatest practical 
importance). Hence, if general experience is a safe 
guide, the maximum error in the second approximation 
is probably not more than a few percent. This is 
borne out by the tests, as the average ratio of experi- 
mental to t heoretical results is about the same in the 
range where the theory is most uncertain, as it is in the 
more certain range. 

A further simplification of (15) can be obtained by 
completely neglecting (\ m /k) 2 in comparison to one in 
both the first and second terms. Equation (15) then 
reduces to 

3 A w 4 - 6n 5 BJ\ m + n 8 J 2 = 0 (22) 

This would give a very poor approximation for very 
short tubes, but it is an excellent approximation for 
long tubes lor which \ m /k is small, and the error 
becomes zero when l/d= 00. Due to the absence of a 
term in X TO 2 this equation is much easier to work with 
than (20), and we can obtain most of our results from 
it, using (20) only to fill in the theory for very short 
tubes. The results obtained from (22) are shown in 
figure 2, and also give the straight upper portions of the 
curves in figure 1. Equation (20) yields the lower 
portions of these curves, which approach asymptoti- 
cally the straight lines given by (22). 

As (20) and (22) are of fourth degree in X w , they are 
in general satisfied by four values of X m , that is, four 
roots of the equation, for any given set of values of 
k } II, and .1 or 71, J, and B. But these four values of 
X w must also satisfy the boundary condition (19), and 
in general this can only be done if certain relations 
exist between /•, //, and .1 or //, J } and B. The prob- 
lem is to find these relations; when we have them we 
still have I he task of selecting the values of n or k which 
give the lowest S for any given tube, as buckling can 
occur when I his S is reached. 
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As the term in X,,/ 1 is absent in both (20) and (22) we 
know thai Xi I X 2 I \ : < I X 4 =M). From the results of 
Southwell and Skan (reference 0) we know that for the 
case l/d = 0j two of these roots are real, and the other 
two complex wit I) the real part negative. Trial shows 
this to be true for all values of l/d. We cm therefore 
express the roots as follows: 

X] = a + 6, \> = a — b, X 3 = — a 4- ic> X 4 = — a — ic (23) 

where a } 6, and c arc positive real numbers. The equa- 
tion of which these are the roots is 
[X w -(a + 6)][X m -(a-6)J[X w -(-a + ic)][X w -(-a-ic)] = 
X w 4 - (2a 2 + b 2 - c% m 2 - 2a (b 2 + c 2 )X w + (a 2 - b 2 ) (a 2 + c 2 ) = 0 
Equating the coefficients in this equation to those 
in (20) we find the following conditions which must be 
satisfied: 

2a 2 + 6 2 -c 2 = 



a(b 2 + c 2 )- 



k* + SH' 2 

3Ak 5 
k* + W 2 



(24) 



(25) 



(a 2 -b 2 )(a 2 + c 2 ) = k *+ 3H '2 
or if (22) is used 

2a 2 + 6 2 -c 2 = 0 

a(b 2 + c 2 )=n 5 BJ 

3(a 2 -b 2 )(a 2 + c 2 )=n s J 2 

These three equations from the equilibrium con- 
dition (24) or (25), must be solved with a fourth given 
by the boundary conditions. This is obtained by 
substituting (23) in (19); the results can be put in the 
following form: 

2bc (clamped 
N tan 2b edges) 

(6 2 + c 2 ) 2 . ( 26 ) 

(hinged 



with; in the case of hinged edges, the values of c were 
found by a simple graphical method. The value of a 
can next be found from the first equation of (25), and 
then the values of n s J 2 and n 5 BJ from the last two 
equations. Table II shows various sets of values of all 
these quantities, thus obtained. 

From the sets of values of ft 8 J 2 and n*BJ we can cal- 
culate, for any given value of n (2, 3, 4, etc.) sets of 
corresponding values of J, and then B. In this way 
were plotted the families of curves, showing the relation 
between B and J for ft = 2, ft = 3, etc., in figure 2. 
Obviously, only the portion of each curve which is 
brhur the other curves, that is, the portion between 
intersections with the adjacent curves, has practical 
significance, as buckling will occur at the lowest stress 
at which equilibrium in a buckled state can exist. 
Hence, the relation between B and J (and therefore 
between £ and the properties of the tube), when buck- 
ling occurs, is given by the jagged lines shown in the 
figure, made up of the lower portions of the curves for 
n = 2, n = 3, etc. As indicated on the figure, the inter- 
sections of the curves give the values of J at which the 
number of circumferential waves will change from one 
integer to the next. Thus a clamped edge tube for 
which J^>1A5 should buckle in two waves; and for 
1.45>J>0.35 it should buckle in three waves, etc. 
It will be noted that test results are quite consistent 
with the theory in this respect. 

The relation between n 5 BJ and ft 8 */ 2 can be very 
nearly expressed, for the range of values of actual 
significance, by the formulas: n 5 BJ is equal to 



4a 2 = b 2 -c 2 + 



4a 2 



■c — 



2hc 



wh 



AT 



N tan 2b 
(anh 2c 



edges) 



cos 4a 



«1. Trial shows that 2c 



cos 2b cosh 2c 



is never less than 6, and 26 varies between w and ^w, 

5 

for clamped edges, and between ir and ^7r, for hinged 

edges, for the lowest range of real solutions for S (real 
solutions can also be obtained with values of 2b around 
2w y 37r, etc., but these solutions give much higher 
values of S). For such a range of values, we can take 
N=\ without any appreciable error. 

Consider now solutions obtained with (25) (which 
will apply to all but short tubes). Eliminating a 
between (26) and the first equation of (25), and as- 
suming values for 6 between the limits mentioned 
above, we solve for the corresponding values of c. This 
can be done directly in the case of clamped edges, 
as we have a simple quadratic equation in c to work 



0.385 (ft 8 J 2 )' + .94 (n 8 J 2 )^ + 18. 3 (clamped edges) 



0.385 (ft 8 J 2 )*+(ft 8 J 2 )H6.5 



(hinged edges) 



(27) 



The values obtained from these expressions are shown 
in table II, in the column next to n*BJ. These rela- 
i ions can be simplified to 



B = 0.385 TiJi + ^^ + ^r (clamped edges)! 
ftV' wJ 

B = 0.385 ?*J> + -^y, + ^ T (hinged edges) 



(28) 



These are the equations of the individual curves in 
figure 2. For very large values of J, n = 2 and only 
the first terms of (28) are important, giving us equa- 
tion (2). This is the equation of the line eef in figure 
2, which the curves for ft = 2 approach asymptotically. 
By equating the right-hand side of (28) to the same 
expression with n replaced by ft+1, we obtain an 
equation for determining the value of J for w hich the 
number of circumferential waves changes from n to 
ft+1. 

It will be noticed that the part of the jagged lines 
in figure 2 corresponding to larger values of n approach 
closer and closer to the envelopes of all the curves, 
shown by the broken lines de. For values of J below 
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6 or 7 this envelope can be used instead of the jagged 
line without serious error. We can obtain the equa- 
tion of this envelope very simply — merely by treating 
// as though it could have any value, fractional as well 
as integral. In the last column of table II, values of 
//V 2 have been raised to the % power and divided into 
corresponding values of n 5 BJ, giving us values of 

n*BJ B 



(n 8 J 2 )* J* 




too 



1,000 



B/J" 



1 0,000 



/ 00, 000 



Figure 15.— Plot of n*J> against /?/J»/< 



These values have been plotted on figure 15. It will 
be seen thai the minimum value of B/J" — and there- 
fore the minimum value of B for any given value of 
J — occurs when 7i 8 J r2 = 2236 (clamped edges) or n 8 J 2 = 
822 (hinged edges), that is when 



7i = 2236V*/* = 2.62/«/* (clamped edges) 
n = 822VJ* = 2.31/J* (hinged edges) 



(29) 



These minimum values of B/J* are 1.29 for clamped 
edges, and 1.18 for hinged edges. Hence, the mini- 
mum B for any given J is 



B=1.29 J* (clamped edges)] 
0=1.18 J* (hinged edges) j 



(30) 



These are the equations of the envelopes in figure 2. 
Equations (29) give the approximate number of cir- 
cumferentia] waves in which a tube will buckle; if // 
is taken as an integer, these equations give the inter- 
sections of the envelope with the corresponding curve. 
These equations can be put in a differenl form by 



/ 



2_ 

r 



multiplying (29) by l/d and (30) by Vl~M 

A: = 2.62 //* (clamped edges) 
& = 2.31 W (hinged edges) 
yl=1.29 W (clamped edges) 
.4=1.18 H* (hinged edges) 

In this form, they were used to plot the right hand 
end of the curves in figures 1 and 3. 



We have assumed the minimum number of circum- 
ferential waves to be two. The case n = 0 clearly has 
no significance for the torsion problem, but the case 
71=1 is not so obvious. This would give a distortion 
in wliich cross sections remain circular but are dis- 
placed, the displacement spiralling around the center 
line, so that the shape of the tube would become some- 
thing like that of a corkscrew. Such a displacement 
can easily be obtained by twisting a long piece of 
rubber tubing in the hands; however, no such distor- 
tion has been observed in a thin-walled metal tube, 
even in the tube shown in figure L0, which had a 
length/diameter ra tio of nearly 170. 





Figure 16.— The case n 



As previously explained, the equations of equilib- 
rium that we have used do not apply to this case, but 
the elementary theory of bending of a tube does apply. 
Figure 16a shows a tube undergoing this type of dis- 
tortion, under the action of a twisting moment M t , 
the center line being bent to a spiral and having the 
constant angle 0 with the axis of the spiral. If the 
couple M t acts about the axis of the spiral, all parts 
of the tube will be subjected to the bending moment 
M t sin 0. At the same time it can easily be shown 
that all parts of the tube are bent to a curvature 
sin 2 6/R (where R is the radius of the spiral). This 
curvature is in the same plane as the bending moment 
M t sin 0. Hence all parts of the tube will be in 
equilibrium if 

n r . n sin* 6 
M t sin d = k/ 



R 



M t =EI 



sin 0 



(a) 



If the end conditions are such that sin d/R can have 
only one particular value, as in the case discussed in 
the next paragraph, then this formula determines a 
value of M t at which the tube can buckle in the shape 
given. 

It was assumed above that the couple M t is applied 
at the axis of the spiral. In a practical case it would 
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naturally be applied at the end of the tube, as shown 
in figure 16b. As the couple has only been moved 
parallel to itself this is statically equivalent to the 
case of figure 16a, and the above reasoning still 
applies. But now the couples at the ends of the 
tube are not about the line joining the two ends 
(shown dotted in the figure). In order to fullfil a 
requirement that the end couples be about this line, 
the spiral form of the tube must consist of an even 
number of full turns. The condition for this is that 

sin 6 2t 

ir =m ~r 

where /// is an integer. Taking m=l, as in figure 16c, 
and substituting this in (a), we find 

2wEI 



I 



This checks GreenhilTs solution (reference 10) and the 
loading conditions correspond to those assumed by 
Greenhill. I low (n or, many other solutions could be 
obtained from (a) for other end conditions, and tlio 
special end conditions assumed by Greenhill arc no 
closer to most practical cases than the others. In 
none of these cases could the Loading applied be called 

a pure twisting moment, as (he applied couple is no! 
about the axis of the tube at (he end, as it is for 
instance in the actual experiment shown in figure 10. 

It would not be worth while, for most practical 
purposes, to try to obtain solutions for other end 
conditions such as that in figure 10, because a little 
figuring indicates (hat this type of buckling can never 
he of importance with metal tubes. In the last 
analysis such a buckling merely amounts to a change 
of a component of the twisting moment into bending 
moment. The resulting deflections could never be as 
great as the bending deflections which would occur 
if the whole twisting moment were to be applied as a 
bending moment. In the case of a long piece of rubber 
tubing, enormous angles of twist can be obtained. 
This deformation is not especially apparent, as it 
leaves the tube cylindrical as before; if, now, some of 
this twisting deformation suddenly goes into bend- 
ing deformation, the resulting deformation is very 
spectacular, even if the angles of bending are only a 
small part of the previous angles of twist. In the 
case of i he steel tube shown in figure 10, which is 
about as extreme as any practical case could be, the 
torque at which buckling occurred would only have 
caused a deflection of 1 inch in the middle of the 
53-inch span, if it had all been applied as a bending 
moment. It is evident that the occurrence of a frac- 
tion of this deflection due to a spiral deformation would 
not even be noticeable. 

Returning to the cases where n>l, the shape of 
buckling deflection can be found as follows: From the 
values of a, b, and c w hich have been determined, the 
values of \ u X 2 , X 3 , X 4 are found from (23). Putting 



these in any three of the four equations of (18), we 
solve these equations simultaneously for W 2 , and 
W 4 in terms of W x . Using these values, the value of n 
(obtained as elsewhere discussed) and (16), in (13), we 
obtain the desired expressions for u ) v, and w. These 
expressions contain an indeterminate factor W\ y which 
is to be expected, as the absolute magnitude of the 
displacement is indeterminate. These calculations can 
be made from the results obtained later for short tubes, 
as well as from the results already obtained for long 
tubes. However, as the work of solving equations (18) 
simultaneously is quite laborious, it has been carried 
out for only one case, that of long clamped edge tubes; 
the result should apply with sufficient accuracy to 
most of the experiments and to most practical appli- 
cations. Using the values of 6, c, and a from the 
fourth line of table II, we find, for long clamped edge 
tubes 

w= W l [cos (n £ + 11.54 £) + 1.301 cos (n £ + 4.86 |) 
0. 00054 sinh 12.06 | sin (n £-8.20 |) 
- 0.00172 cosh 12.06 I cos 0^-8.20 |Y| 

+ 1.301 sin (n^ + 4.86 |) (31) 
+ 0.00054 sinh 12.06 | cos (n £—8.20 |) 
-0.00172 cosh 12.06 | sin (y-8.20 |)J 

•0.0103 cosh 12.06 J sin (y-8.20 |)J 



+ 3.16 sin 1 



+ 0.0082 sinh 12.06 | cos I 



+ ( 



where n is given by figure 2 or equation (29). 

The results found so far were obtained from (25) and 
are not accurate for short tubes. To obtain a solution 
from (24) and (26) is much more difficult. Partieuhir 
solutions were found as follows: Values of b and c are 
assumed, and the value of a found from (26). The 
value of k is then found from an equation obtained by 
dividing the third by the first equation of (24); IT is 
now found from the first and then A from the second 
equation of (24). 

The value of II is now computed from (21). This 
requires the selection of a weighted average value for 
X m 2 . For this purpose three solutions for the shape of 
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the budding deflection are available, the one above for 
the case l/d = co (clamped edges), and solutions for the 
case lld = 0 for both edge conditions, given by South- 
well and Skan (reference 6). In all these solutions the 
first two terms involve X t and X 2 , respectively, and the 
last two terms involve X 3 and X 4 . These last two terms 
are much smaller than the first two. In fio-ure 17 the 
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Figure 17.— Chart showing relative unimportance of X3 and 



ratio of the average absolute magnitudes of the last 
two terms, to the average absolute magnitudes of the 
first two, is plotted against x/l. It will be seen that 
the last two terms are very unimportant compared to 
the first two, and hence X 3 and X 4 are unimportant 
compared to \ { and X 2 . Comparison of the terms con- 
taining Xi and X 2 shows that these are of the same 
order of magnitude for all of these extreme cases. 
Equation (21) was therefore taken as 

This is of course rather a rough correction, but it may 
be considered to be applied, not to the whole solution 
for A or S, but' to the error in the first approximation, 
as previously discussed. 

We now have corresponding values of A and H, 
satisfying the equations of equilibrium and the bound- 
ary conditions. However, the original choice of b and 
c was purely guesswork, and with different values of b 
and c we may obtain higher or lower values of A, and 
therefore of S, for the same value of H. For these 
higher or lower values of S there will correspond cer- 
tain values of k and therefore of n. We know that the 
actual value of n will be that giving the lowest value of 
S consistent with equilibrium and boundary conditions. 
It is therefore clear that the smallest values we can 
find for A in terms of II by the above process will be 
the correct values. 



If we had to try values of b and c blindly, the work 
would be very difficult, as only a small range of values 
even result in real values for a, k, A, and H. However, 
we already know the values of b and c for the extreme 
cases when 11 = 0 and 11= ^o, given by Southwell and 
Skan, and the previous solution obtained from (25). 
These sets of values of b and c are represented by the 
points p and q, figure 18. The desired values of b and 
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1.36 1.40 1.44 1.64 168 1.12 1.16 1.80 
b 

Figure 18.— Values found for b and c from 11=0 to II=<*>. 

c, for intermediate values of //, are obviously given by 
points on some line connecting p and q. By trying a 
number of points distributed over the area between p 
and q y plotting the results on figure 1, and making use 
of cross plotting, we locate with sufficient accuracy the 
lines shown in figure 18, which correspond to the lower 
part of the curves in figure 1. Points on either side of 
the lines in figure 18 give points above the curves in 
figure 1. Table HI gives sets of values of 6, c, a, k, 
H' } 27, and A obtained in this way. Equations (1) 
are merely formulas w hich have been found nearly to 
check the relation between A and II given by these 
values, as will be seen from the last column of table 
III. Corresponding values of k and // have been 
plotted in figure 3, forming the left-hand end of the 
curves shown, which approach asymptotically the 
portions previously found, at the right. 

The theoretical value of the angle which the buckling 

waves make w T ith the axial direction is tan -1 for 

nl 

each of the four components of the wave, as has been 
pointed out previously. As it has been shown that 
the components involving X 3 and X 4 are comparatively 
unimportant, and that the other two components are 
of nearly the same magnitude, an approximate value 
for t he angle of the resultant wave is evidently 
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: tan 



, Xi + X 2 d 



.ad .a 

ILL It 



(32) 



A more accurate value for three particular cases can be 
found from the three available solutions for the shape 
of the buckling deflection. Setting equal to zero the 
derivative with respect to s of the expression for w, 
we obtain the equation of the line at the top or 
bottom of the wave. The desired angle is the tangent 
of the slope of this line, or tan -1 ds/dx. It is found that, 
for these extreme cases, the angle is nearly constant 
near the middle of the tube, and checks the value 
found from (32) within about 10 percent. Hence (32) 
is probably sufficiently accurate for a check on the 

TABLE I— EXPERIMENTAL DATA 



Inches 
27.0 
5.88 
5.88 
5. SS 
.319 
.319 
.319 
.319 
.319 
.319 
.319 
.319 
5. 67 
5. 67 
3. 75 
3. 75 
I . ss 
5.67 
5. 67 
3. 75 
3. 75 
1.88 
5. 67 
3. 75 
l.ss 
5. 67 
3. 75 
1.88 
1.88 
1.88 



STEEL TUBES 



1 in- Ins 
85.8 
.469 
.375 
.290 

4.53 

7.81 
12.4 
13. 1 
15.8 
21.4 
29.5 
53.5 

6.0 

6.0 

6.0 

6.0 

6.0 

6.0 

6.0 

6.0 

6.0 

6.0 
12. 0 
12.0 
12.0 
12.0 
12.0 
12. 0 
24.0 
30.0 



/X10 3 



Inches 


Lb.jin 
28.9 


11.5 


1. 93 


31.3 


1.93 


31.3 


1.93 


31.3 


1.92 


31.3 


1.92 


31.3 


1.92 


31.3 


1.92 


31.3 


1.90 


31.3 


L 99 


31.3 


1.92 


31.3 


1.92 


31.3 


2.92 


31.3 


2. 80 


31.3 


2.88 


31.3 


2.88 


31.3 


2. 92 


31.3 


2.17 


31.3 


2.17 


31.3 


2.13 


31.3 


2.13 


31.3 


2. 05 


31.3 


2.68 


31.3 


2. 80 


31.3 


2. 80 


31.3 


2. 05 


31.3 


2.01 


31.3 


2.01 


31.3 


2. 84 


31.3 


2.01 


31.3 



£X10-' 



Ultimate 
torque 



In. -lb. 
12, 800 
960 
1, 020 

1,11)0 

5. 20 
3. 39 
3. 81 
3.41 
3.19 
3.01 
3. 27 
3.20 
286 
268 
202 
218 
96 
162 
146 
84 
106 
46 
206 
128 
64 
90 
60 
32 
48 
20 



8.5 
44 
46 
50 

2 

2 

2 

2 

2 

2 

2 

2 

13.9 
13.4 
10.4 
11. 1 
6.7 
15.4 
13. 1 
10 

12.5 
6.6 
7 
8 

5. 1 
10 

7.9 

4 

4.7 



11 
1 1 

10 
10 
10 
9 
11 
10 
10 
11 
9 
9 
9 



12 

6 



BRASS TUBES 


d 


/ 




EX 10-° 


Ultimate 
torque 


71 


0 


JlielltS 


Inches 


/ileitis 


Lb./in* 


In. -lb. 






5. 67 


6.0 


5. 87 


10.3 


912 


11 


15 


5. 67 


6.0 


5.98 


16.3 


1,048 


11 


17 


3. 75 


6.0 


6. 02 


16.3 


564 


8.8 


10 


3. 75 


6.0 


5.91 


16.3 


638 


8.7 


9 


1.88 


6.0 


5. 87 


16.3 


282 


6 


10 


5. 67 


6.0 


3. 07 


15.7 


170 


7.8 


10 


5. 67 


6.0 


3.11 


15.7 


192 


8 


11 


3. 75 


6.0 


3. 11 


15.7 


112 


10. 5 


11 


1.88 


6.0 


2.99 


15.7 


60 


7. 1 


10 


1.88 


6.0 


2. 99 


15.7 


46 


7.8 


10 


5. 67 


6.0 


2. 13 


15.7 


72 


15 


11 


5. 67 


6.0 


2.09 


L6.7 


70 


14 


13 


3. 75 


6.0 


2.09 


15.7 


50 


11.6 


11 


3. 75 


6.0 


2.13 


15.7 


46 


12.5 


12 


5.69 


12.0 


5. 95 


16.3 


764 


8.9 


9 


5.69 


12.0 


5. 90 


16.3 


776 


9 


12 


5. 69 


12.0 


5. 90 


16.3 


710 


10 


12 


3. 75 


12.0 


5. 95 


16.3 


478 


6.7 


11 


1.88 


12.0 


5. 87 


16.3 


192 


4 


9 


5. 67 


12.0 


2.09 


15.7 


44 


10 


10 


3. 75 


12.0 


2. 05 


15.7 


38 


9 


9 


5. 67 


30.0 


5.98 


16.3 


454 


7.2 


9 


3. 75 


30.0 


5.91 


16.3 


288 


5 


9 


1.88 


30.0 


5.98 


16.3 


126 


3 


3 



tests, especially as it is difficult to get a very accurate 
value for 0 from experiments. The curves of figure 
4 were plotted from (32), using values of a, k, and H 
from table III. Equation (3) is also obtained from 
(32), using the value of a for H= °o. 

The author wishes to acknowledge the valuable sug- 
gestions of Dr. Theodor von Karman for interpreting 
the application of the simplified equilibrium equations; 
the help of Messrs. K. W. Donnell and L. Secretan in 
carrying out the experiments; and several helpful criti- 
cisms from Dr. S. Timoshenko. 
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TABLE II 



6 


C 


a 




n*BJ 


Expression 
(27) 




CLAMPED EDGES 


7tt/12 
1. 780 
1.728 
1.669 
1.641 
1.623 
1.606 
1.588 
r/2 


3. 18 

3. 66 

4. 25 
6. 03 
8.13 

10. 54 
15. 47 
30. 40 

CO 


1.83 
2. 18 
2. 75 
4. 10 
5. 62 
7. 36 
10. 89 
21.50 

00 


0 

82.2 
348.3 
2, 286 
8, 442 
25, 620 
124.500 
1,912,500 

CO 


24.7 
34.6 
57.7 
160.6 
387 
839 
2, 633 
20,000 , 
. 385(7i» Ji)l 




CO 

2. 19 
1. 49 
1.293 
1.36 
1.47 
1.72 
2.37 

CO 


33.8 
57.7 
160.5 
386 
842 
2. 646 
20,002 , 
. 385(71^2) i 


HINGED EDGES 


5ir/12 
1.342 
1.391 
1.414 
1.449 
1.500 
1.530 
tt/2 


2. 27 

3. 33 

4. 74 

5. 57 
7. 44 

14.0 
24.9 

CO 


1.31 
2. 16 
3. 21 
3.81 
5.17 
9. 82 
17. 60 

CO 


0 
135 

S22 

1,707 
6,046 
82, 210 
SO 1.000 

CO 


9. 04 
27.8 
78.3 
125. 7 
297 
1,936 
11,000 , 

. 385(7? 8J2)2 




1.29 

1. 182 
1.20 
1.29 
1.64 

2. 15 

CO 


28. 1 
78.2 
125. 4 
297 
1,945 
11,050 , 
.385(71^)-, 



TABLE III 



b 


c 


a 


k 


IV 


11 


A 


Rt. side 
eq. (1) 


CLAMPED EDGES 


1.804 
1. 796 
1.781 
1.751 
1.721 
1.691 
1. 678 
1.669 


4. 334 
4. 52 

4. 81 

5. 22 
5.59 

5. 95 

6. 06 
6.03 


1.977 
2. 03 
2. 14 

2. 47 
2.91 

3. 53 
3. 86 
4. 10 


1.90 
2. 18 
2.71 
4. 10 
6.21 
10. 92 
17. 6, 
2.02//. 




0 

1.69 
5. 30 
20. 1 
69. 5 
426 
2. 300 

OO 


7.39 
7. 73 
9. 47 
17.04 
36.3 
128 

440 , 
1. 293/7? 


7. 39 
7.98 
9.88 
17.20 
35.9 
126 

435 _ 
1.293// - . 


.67 
2.58 
13.0 
53. 6 
377 
2, 180 

CO 


HINGED EDGES 


1.383 
1.390 
1.395 
1.404 
1.404 
1.410 
1.391 


2. 977 
3. 16 
3. 43 
4.06 
4. 46 
4. 72 
4. 74 


1.445 
1.53 
1.70 
2.15 

2. 56 
2. 94 

3. 21 


1. 18 
1. 73 
2.61 
4. 63 
7.11 
11.6 
2.31//4 




0 

3.69 
10. 38 
43.6 

153 

783 

CO 


4. 40 
6. 22 
10.06 
23.3 
55.3 
180 t 
1. 182//" 


4.40 
6. 33 
9. 82 
22.9 
54.2 
178 ., 
L. 182HI 


1.52 
6. 07 
33.1 

131 

726 

CO 



24 
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Positive directions of axes and angles (forces and moments) are shown by arrows 



Axis 



Designation 



Sym- 
bol 



Longitudinal X 

Lateral Y 

Normal Z 



Force 
(parallel 
to axis) 
symbol 



X 
Y 
Z 



Moment about axis 



Designation 



rolling 

pitching 

yawing 



Sym- 
bol 



L 
M 
N 



Positive 
direction 



Angle 



Designa- 
tion 



Y- 
Z- 
X- 



z 

X 
Y 



roll., 
pitch 
yaw- 



Sym- 
bol 



4> 
$ 



Velocities 



Linear 
(compo- An ~ uIar j 
nent along ' An S mar I 
axis) 



u 
v 
w 



Absolute coefficients of moment 



qbS 



Cm — 



qcS 



° a ~qbS 



Angle of set of control surface (relative to neu- 
tral position), 8. (Indicate surface by proper 
subscript.) 



P, 



Diameter. 
Geometric pitch. 
p/D y Pitch ratio. 
V, Inflow velocity. 

Slipstream velocity. 

Thrust, absolute coefficient G T 



4. PROPELLER SYMBOLS 

P, Power, absolute coefficient Cj>= 

6/ 

Cqj Speed power coefficient = 



P n*D 5 



leYl 

Pn 2 ' 



T, 

Q, 



pn 2 D* 



Torque, absolute coefficient 0 Q = ^ 6 



v, 
n, 

*, 



Efficiency. 

Revolutions per second, r. p. s. 
Effective helix angle = tan* 1 Cg^~) 



5. NUMERICAL RELATIONS 



1 hp = 76.04 kg/m/s = 550 lb./ft./sec. 
1 kg/m/s = 0.01315 hp 
1 mi./hr. = 0.44704 m/s 
1 m/s = 2.23693 mi./hr. 



1 lb. = 0.4535924277 kg. 
1 kg = 2.2046224 lb. 
1 mi. = 1 609.35 m = 5280 ft. 
1 m = 3.2808333 ft. 



